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Abstract 

The quasiradial wave functions and energy spectra of the alternative model of spherical oscillator 
on the D-dimensional sphere and two-sheeted hyperboloid are found. 
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o 

o . 

C^l , 1 Introduction 

^ , The spherical oscillator was suggested by Higgs [1] [5] . The D-dimensional spherical oscillator is defined 

' by the potential 

^5--^^, /i=l,2,...,A (1) 

where xq, are the Euclidean coordinates of the ambient space IR^"''^: Xg-fx^x^ = Tq for D-dimensional 
. sphere and x\ — x^x^ = Tq for /^-dimensional two-sheeted hyperboloid. (We use a system of imits in 

Qh' which the reduced mass m and Planck constant h satisfy m = ?i = 1.) The spherical oscillator ([T]) on the 

D-dimensional sphere and two-sheeted hyperboloid is considered in [3 in detail. 
C3 ' The oscillator problem on spheres and pseudospheres was discussed from many point of view in 

nisiEiiTiiHiiaiini. 

qh' The alternative model of spherical oscillator, which was suggested in our previous papers [HIIT^], is 

defined by the potential 

VE = 2uj\l''-^ (2) 
' on the Z?-dimensional sphere, and 

00 ■ ^ °xo + ro ^ ' 

on the D-dimensional two-sheeted hyperboloid. 
OO ' The two-dimensional case of the oscillator potentials ^ and ^ was considered in [T31 E] . 

O 

O ■ 2 Quasiradial function on D-sphere 



The Schrodinger equation describing the nonrelativistic quantum motion in the D-dimensional curved 
space has the following form: 

-\l\LB^y(x) * = D1', (4) 



>< 



2 

where the Laplace-Beltrami operator in arbitrary curvilinear coordinates is 

In the hyperspherical coordinates 

xq = rocosx, 

Xi = To sin X cos 01, 

X2 = ro sin X sin 6*1 cos 02 , 



xu^i = To smxsmt'i sm6'2 • • • sm0£)_2 cos(y9, 
xd = ro sin^sin^i sin6'2 • • • sin0£)_2 sin(/j. 
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where x,Si, ■ ■ ■ , 6*13-2 G [0, tt], f £ [0, 27r), the oscillator potential ^ reads 

Vg = 2uj tan — . 



(5) 



The Schrodinger equation ^ for the potential (O may be solved by searching for a wave function in the 
form 

* (X, Oi,...., 9d-2,(P) = R{X) YLhl,...ln-2 (^'l, ■ ■ • , 0D-2,V) , 

where li are the angular hypcrmomenta and L is total angular momentum, and the hyperspherical 
function yL;ii2...iD-2 (^i; ■ • ■ ; Od-2^ f) is the solution of the Laplace-Beltrami eigenvalue equation on the 
(Z)-l)-dimensional sphere. After the separation of variables in ^ we obtain the quasiradial equation 



d 



Using the substitution 



(sinx)' 



,-idR 
dx 



L{L + D-2) 



sin^ X 



4c^V4tan2^ 



R = 0. 



R{X) = (sinx)"^ Z{x) 



we find the Poschl- Teller type equation 



cos^ ^ 



_D-2 \2 _ 1 
2 ) 4 

sin^ ^ 



^ = 0, 



(6) 



where ^ = | G [O^ f ] : ^''^'^ 



e = ^r^E +{D- ly + IGw^r^ 



L 



D -2 



The solution of Eq. 
[151 



regular for ^ £ [O, ^] and expressed in terms of the hypergeometric function is 



RZlAx) = CZl. (sin I) (cos I) 



(7) 



X2F1 I — nr, 72r + L + I' 



D 



D 



2 X 



2"=^+ 2"''^" 2 



and the e is quantized as 



D 

2nr + L + ly + — 



where = 0, 1, 2, ... is a "quasiradial" quantum number. The eigenvalues E are given by 



E^ 



1 
8^ 



D 



{N + l){N + D) + {2iy-l)[N+-] + L{L + D-2)- -{D - 1) 



D 



(8) 



where N = 2nr + L = 0, 1, 2, . . . is the principal quantum number. 

For the quasiradial wave function (x) we choose the normalization condition 



|^n.L,.(x)| (sinx) dx = l 



and find: 



G 



D 



(271,. + L + + §)r {rir + L + + {ur + L+§) 
^ 2^-1 (n,)! T (n, + + 1) [T [L + f )] ' 



(9) 
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In the limit tq —> oo, x ~^ ^ ^-nd xrp ~ r - fixed and v ~ 'iturQ, we see that 



Urn E§^lu(n+^ 



and 



lim Rnlu{x) 

ro—^oo 



i2r 



N -L D p 
2 ' 2 ' 



(10) 



(11) 



where F (a; c; x) is the confluent hypergeometric function. Formula (jlip coincides with the known formula 
for _D-dimensional flat radial wave functions 1161. 



3 Oscillator on the D-dimensional hyperboloid 

The pseudospherical coordinates on the D-dimensional two-sheeted hyperboloid: 

xo>rQ, are 



xo = To cosh T, 

xi = rg sinh r cos 01 , 

X2 = tq sinh T sin 9i cos 62 , 

xd-1 = rg sinhTsin6'i sin6'2 • • • sin(?£)^2 cos(/9, 
xd = rg sinh r sin ^1 sin ^2 ••• sin 0£)_2 sin 

where r G [0,oo). Variables in the Schrodinger equation ([4]) may be separated for oscillator potential ([3]) 
which in the pseudospherical coordinates has the form 

= ^^"^rl tanh^ -, 



by the ansatz 



^ (r, 6»i, . . . , = R(t) Yli,i^,„i^ 



7_D-2 



where, as in the previous case are the angular hypermomenta and L is the total angular momentum, and 
the hyperspherical function yL/ii2...i£j-2 (^ii ■ • ■ j <p) is the solution of the Laplace-Beltrami eigenvalue 

equation on the (D-l)-dimensional sphere. After separation of variables in ^ we find the quasiradial 
equation 



1 



d 



(sinhr)^"^ dr 
Using now the substitution 

we come to the equation 



(smhr) — 



2rlE ^ ~ Au^r^ tanh^ - 

sinh r 2 



R = 0. 



R{t) = (sinhr) ~ Z{t) 



cosh p 



sinh p 



Z = 0, 



(12) 



where p = G [0, 00), and e = Srp — (D — 1)^ — 16a;^rQ. 

Thus, the oscillator problem on the two-sheeted hyperboloid is described by the modified Poschl- Teller 
equation and, unlike the oscillator equation on the sphere which has only a discrete spectrum, equation 
([T^ possesses both bound and unbound states. 
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The discrete quasiradial wave function regular on the hne r £ [0, cxd) and normahzed by the condition 

oo 

rE j Ki.Wr (sinhr)^-idr = l 



has the form 



ly - 2nr - L - f)T {v - nr)T (rir + L + f 
2^-1 K)! r (i. - - L - f + 1) 



(13) 



(sinh— ) ( cosh — 
V 2/ V 2 



X 2F1 I —Tlr, —Tlr + v. L + — ; taiih — 



with the "quashadial" quantum number n,. = 0, 1, 2, . . . , [i (i/ — L — -j)] . The e is quantized by 



e = — 2n,- + L — 



D 



and the energy spectrum for the ahernative model of quantum spherical oscillator on the Z?-dimensional 
two-sheeted hyperboloid takes the value 



Em — 



1 



D 



D , 



{2iy-l){N+-] - N{N + D-l)-L{L + D-2) + -{D - 1 



(14) 



Here = 2nr + L is the principal quantum number and the bound state solution is possible only for 

< TV < - — 
- - [ 2 

In the contractio limit tq oo, t ^ r/rg and v ~ 4ci;rQ, we see that the continuous spectrum vanishes 
while the discrete spectrum is infinite, and it is easy to reproduce the oscillator energy spectrum (fTO)) 
and wave function (|lip . 
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